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COMPLETE CHARACTERIZATION OF FUNCTIONS
WHICH ACT, VIA SUPERPOSITION, ON SOBOLEV SPACES
BY
MOSHE MARCUS' AND VICTOR J. MIZEL?

ABSTRACT. Given a domain @ C Ry and a Borel function A: R, — R,
conditions on A are sought ensuring that for every m-tuple of functions i
belonging to the first order Sobolev space W!#(&), the function
A@uy(-), . . . » u(-)) will belong to a first order Sobolev space W'/(Q),
1 <r < p < . In this paper conditions are found which are both neces-
sary and sufficient in order that A have the above property. This result is
based on a characterization obtained here for those Borel functions g:
R,, X (Ry),, = R satisfying the requirement that for every m-tuple of func-
tions u, € W'(Q) the function g(uy(*), . . ., tn(-), Vu,(-),
..., Vu,(-)) belongs to L’(Q). A needed result on the measurability of the
set of R,-Lebesgue points of a function on Ry is presented in an appendix.

1. Introduction. Let £ be a domain in Ry and let 9N (L) denote the space of
real measurable functions in Q. Given a Borel function h: R,, — R we define
the superposition mapping 7},: IN(2) - IM(Q) by

Tu=houw u=(u,...,u,) €M™ (1.1)

Let W, ,(2), 1 < p < oo, denote the space of functions in L, () whose first

order distribution derivatives belong to L,(). The standard norm in this
space is

N
“lw,, @ = “| @ + 2] 1P|, @ % € Wi, (R): (12)

a=
where D,u, . .., Dyu denote the first order distribution derivatives of u with

respect to some coordinate system in Ry,.

Suppose that € is bounded and satisfies the cone condition. If 4 is locally
Lipschitz and if the first order partial derivatives of h satisfy a.e. in R,
polynomial growth conditions, then 7, maps W, ()" into W, (2), where
1 < r < p < o and the relation between p and r depends on the order of
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188 MOSHE MARCUS AND V. J. MIZEL

the polynomials in the growth conditions. Furthermore, this mapping is
bounded. This result, in a somewhat different form, was obtained in [5]. For
m =1 the result was previously obtained by Stampacchia [9] when & is
uniformly Lipschitz and by Serrin in the general case. Serrin’s result also
shows that D;(T,u) can be computed by the standard chain rule. (For details
see [4].)

The question whether the above mentioned conditions are also necessary in
order that 7, should map W, ,(Q)™ into W, () proved to be considerably
more difficult and it remained open for several years. The main purpose of
the present paper is to provide an affirmative answer to this question. To
achieve this result we first consider a related problem for superposition
operators which map Sobolev spaces into Lebesgue spaces.

Let g: R,, X R,y — R be a Borel function and let S,: W,'f’f(ﬂ)’" - IM(Q)
be the mapping defined by

Sgu=g(Up, ..., Uy Dyhy,, ..., Dytty, ..., Dyt . .., Dyuy,)  (1.3)

where u = (4, ..., u,). We show that if S, maps W,,(@)" into L.(f),
1 <r < p < oo, then g must satisfy certain polynomial growth conditions
depending on p and r. For instance, if p < N the condition is

|g(£ m)| < const(l + &7 + |nf?/),  withg = Np/ (N — p),
for every n in Ry, for a.e. £ in R,,. This result leads almost directly to the
necessity of the conditions on A when m = 1. This is due to the fact that,
when m = 1, the chain rule for D(7},u) is available. When m > 1 the chain
rule for D(T,u) does not hold in general. In this case the necessity of the
conditions on 4 is established by combining the result already proved for
m = 1 with the result concerning the mapping S, for m > 1.

Results similar to those described above hold also in the case where  is
unbounded. In this case the conditions are stronger than in the case of
bounded domains.

The plan of the paper is as follows. In §2 we state the main results in the
case of bounded domains. §3 and §4 (together with an appendix) are devoted
to the development of auxiliary results. The main result for the mapping S, is
proved in §5 and for the mapping 7}, in §6 and §7. The parallel results in the
case of unbounded domains are presented in §8. Finally in §9 and §10 we
discuss some additional results and open questions related to the mappings S,
and T,.

2. Statement of main results. In this section @ denotes a domain in Ry
satisfying the cone condition. The generic points in Ry, R,, and R,y will be
denoted by x = (x;, ...,x,), §€=(¢,...,¢§,) and g =
(Mg« > M =+« » 1> - - + > h,v) TeSectively. The norm |- | of such a
point will always mean Euclidean norm.
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The first result concerns superposition mappings of the type (1.1).

THEOREM 1. Suppose that Q is bounded. Let h: R,,— R be a Borel function
and let p, r be two numbers such that 1 < r < p < N. Then T, maps W, (&)™
into W, (R) if and only if the following conditions hold:

(i) h is locally Lipschitz in R,,.

(i) The first order partial derivatives of h satisfy the inequality

2 @f<at+i) aeinRpi=to.m @D

where a, is a constant andv = N(p — r)/(r(N — p)).
IfFN<p(orN=1and 1< p)and 1 <r < p then T, maps W, ,(Q)" into
W, () if and only if condition (i) holds.
In either case, if T, maps W, ,(Q)" into W, () then the mapping is bounded
and the following inequalities hold:

ITwullw,,@ < bo(l + 21 II“.-Il'u"f.:(m), ifp <N,
I Twu)w, @ < b(M)(l +> "“illw.,(o))’ ifp>N(orN=1andp > 1)
i=]
m
and 3 |uflw, @ < M. (22)
i=1

The constants by and b(M) depend on m, ay, h(0) and Q. (Of course, b(M)
depends also on M.)

The second result concerns superposition mappings of the type (1.3).

THEOREM 2. Suppose that Q is bounded. Let g: R,, X R,y — R be a Borel
function and let p, r be two numbers such that 1 < r < p < co. Suppose that S,
maps W, ,(Q)" into L,(Q). Then g satisfies the following conditions.

If p < N, there exists a constant c, such that

|g(& )| < co(l +|§7" +mfP’"),  withq=Np/ (N —p), (23)

for every n in R, and a.e. £ in R,,. The exceptional null set in R, may vary
with 1.

Ifp > N (or N = 1andp > 1), then for every M > 0 there exists a constant
c(M) such that

|26 m)| < c(M)(1 +f”") (24)

for every m in R, and a.e. § in R,, such that |§| < M. Again, the exceptional
null set in R,, may vary with 9.
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If a function g satisfies (2.3) or (2.4) everywhere in R,, X Ry, then (in view
of the Sobolev imbedding theorem) S, maps W,,(2)" into L () for the
appropriate values of p and r. Therefore if g is continuous the conditions
described in Theorem 2 are necessary and sufficient for S, to map W, ()"
into L, (). However the assumption of continuity can be replaced by various
weaker assumptions. Results of this type will be discussed in §9.

Results similar to those stated above hold also in the case where Q is
unbounded. These will be presented in §8.

3. Construction of a class of elementary functions. The proof of Theorems 1
and 2 calls for the construction of functions in W, ,(§) according to a given
set of specifications. One of the requirements is that the gradient of the
function should attain a prescribed sequence of values on sets of prescribed
measure and at the same time the values of the function should lie within a
given range in each of these sets. In the construction of these functions we use
certain piecewise linear functions which we describe below.

LEMMA 1. Let z € Ry, z # 0, and let o be a positive number. Then there
exists a piecewise linear function w in the cube E, = {x € Ry: |x;| < 6/2,
i=1,..., N} such that,

(i) w=0o0n dE,,

(ii) |V w| is either zero or |z| in E,,

(ili) Vw = z in a cube F contained in E,, whose sides are parallel to the axes
and which satisfies

pn(F)/a¥ > ay > 0. (3.0)

Here p,, denotes N-dimensional Lebesgue measure and ay is a constant which
depends only on N.

PROOF. Let b = 6/2VN and let T be a cube in Ry of side length b such
that one of its vertices (say P) lies in the half space z - x > 0, the N vertices
nearest to P lie in the hyperplane z - x = 0 and one of these vertices is at the
origin. Let 7" = T N {z- x > 0} and define a function w, in T as follows:

w(x)=z-x inT, w(x)=0 inT\T".

Note that uy (7”)/ pun(T) depends only on N.

Let P’ be that vertex of T for which PP’ is one of the main diagonals of T.
Let U be a closed cube of side 2b such that U O T, the sides of U are parallel
to those of T and P’ is a vertex of U. We extend w, to U by N successive
reflexions. In order to describe these reflexions we use a set of coordinates
(X}, ..., Xy) whose origin is at P’ and with respect to which T = {x:
0<X <b i=1...,N}. Let T* be the image of T by reflexion with
respect to X, = band set T, = T U T*. We extend w, to T, by reflexion with
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respect to X, = b. Let k be an integer, 1 < k < N, and set T, = {x:
0< x; <2bfori=1,...,kand0< X; < bfori=k+1,...,N}.

If Kk < N, denote by T} the image of T, by reflexion with respect to
X4y = b. Then T, ., = T, U T¢. Assuming that wy is defined in 7, we ex-
tend it to T, ., by reflexion with respect to x,,, = b. Thus after N steps we
obtain an extension of w, to the entire cube U.

Next let ¥ be a cube whose sides are parallel to the axes (x,, .. ., xy),
whose center is at the center of U and whose side length is 2V Nb. We extend
wp to V by setting wy = 0in V' \ U. Let B be the largest ball contained in T’
and let F’ be the cube inscribed in B whose sides are parallel to the axes.
Then py (F')/b" depends only on N. Finally, let x° be the center of ¥ and set
w(x) = wo(x + x%for every x in E, = —x, + V. Clearly the function w
satisfies all the assumptions of the lemma. In particular (iii) holds with respect
to the cube F = —x, + F'.

We shall often use a variant of Lemma 1 which, for purposes of reference,
we shall state separately.

LEMMA 2. Let z',...,z" €ERy, 2’ #0 (i=1,...,m), and let o be a
positive number. Then there exist piecewise linear functions w,, . ..,w,, in E,
such that w; satisfies the conditions of Lemma 1 with z = z' but with F
independent of i such that -

m(F)/o" > af. (32)

PROOF. Let w, be as in Lemma 1 with z = z'. Let F, be the cube mentioned
in (iii) where Vw; = z'. Let x' be the center of F, and o, its side length.
Denote by w, the function described in Lemma 1 when ¢ = 0, and z = z%,

and define w, in E, as follows:
wy(x) = Wy(x —x') Vx€EF, w(x)=0 Vx€E\F.

Proceeding in this ‘manner we obtain functions w,,...,w, and cubes
., F,, such that w, satisfies conditions (i)—(iii) of Lemma 1 with z and F
replaced by z’ and F,. Moreover, F, D F, D ... D F,, and py(F))/o” > a,
.and py(F;, )/ uy(F) > ay fori =1,...,m — 1. Thus the lemma holds with
F=F,
REMARK. In the set F the functions w;,, i =1,...,m, are of the form
z'- (x — y’) where | y’| < 2VN o. Thus

N
wi(x) = zix,+ b Vx€EF,and

n=1

] < 2VN o|z/|. (3.3)
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4. Auxiliary results. Let g: R,, X R,y —[0, o) be a Borel function. As
before, we denote by S, the mapping from W, ,(2)" into IM(L) given by

(U oo tty) > 88Uy o ooty Vuy, oo, V).

Here, as before,  is a domain in Ry,.
With every point 1 € Ry, 1 =(N1 15+« -sMns -+ >Tmis -+ +» NMmN)> WE
associate the m X N matrix

AM) = Mij)iay,.. . my=1,...,N.
The rank of this matrix will be denoted by k(n). The image of Ry by the
linear transformation x — A(m)x will be denoted by M,. Thus M, is a
subspace of R,, of dimension k(7).
Suppose that S, maps W, ()" into L!*°(Q). Then, for every 7 in R, and
every £%in R,,, the function f(-; £% 1) : Ry — R given by

f(x;6%n) = g(A(n)x + &9 'n) Vx € Ry 4.1)

is locally integrable in R,. Using this fact we shall show that for every n in
R,.y, the function £ — g(¢, ) is locally integrable in £° + M, (with respect to
k(n)-dimensional Hausdorff measure) for every fixed £° in R,,.

Let us assume (as we may) that the first k(n) columns of A (n) are linearly
independent. We assume of course that n # 0 so that k(n) > 0. Set

B(M) = (Wip)imi,....my=1,....k
where k = k(n). If Kk < Nand §{ € Ry_, set
() ={x €ERy: X1 =80, Xy ={ni }-

If kK = N set m, = 7,(0) = R,. Clearly, the transformation x — 4 (n)x maps
m(§) onto M, in a (1-1) manner.

Now, let £° be a point in R, and denote by Uy(-) = U(:; ¢%n) the
mapping given by Uy(x) = A(n)x + £% x € Ry. Let ¢ be a point in Ry_,
such that f(-; £%, n) restricted to m,({) is locally integrable with respect to p,
(= k-dimensional Lebesgue measure). Let E be a p,-measurable set in 7, ({).
Then by the change of variables formula for integration (see e.g. [1, p. 244])
we have

[, ) BE M) = [ s(4 ()% + £ VLB, (42)

[
where J(, denotes k-dimensional Hausdroff measure and J,(B(n)) is the
square root of the sum of the squares of the k X k minors of B(n). By our
choice of { the right-hand side of (4.2) is finite for every bounded E.
Therefore g(-, 1) is locally integrable with respect to I(, in £ + M,.
From the last assertion we deduce (again using (4.2)) that f(-; £%m)
restricted to m,({) is locally integrable for every § in Ry _,.
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Given n # 0 in R, we denote by P(n) the set of points {£} in R, such
that £ is a (regular) Lebesgue point of the function g(-,n) restricted to
¢ + M,, with respect to the measure J(,,). Some properties of P (n) will be
needed in the next section. These properties are the subject of the following
two lemmas.

LemMMA 3. P(n) is a set of total measure in R, i.e. its complement is a
Lebesgue null set.

LEMMA 4. Let £ € P(n). Let £° and x’' be points in R,, and Ry respectively

such that
& =An)x + ¢ (4.3)

Then x’ is a Lebesgue point of f(-; £° m) with respect to py.

We defer the proof of Lemma 3 to the appendix where it will be presented
in a slightly more general form. Here we turn to

PROOF OF LEMMA 4. As before we may assume that rank A4 () = rank B(7)
= k. In this proof we shall use the notations previously introduced in this
section.

First we note that by (4.2), if E is a p,-measurable subset of 7, ({) (for some
¢in Ry_,) then

I Us (E)) = Ji(B(m)) e (E). (44)
Let ¢ be a positive constant. We denote by &_(x") the family of cubes in Ry
whose sides are parallel to the axes, such that
E €&, (x)=>3r>0suchthat E C {x ER,: |x — x'|<r}

and py(E)/rY >c.
Further we denote by ¥, (¢) the family of J(,-measurable subsets of § + M,
such that

FEF (#)=>3r>0suchthat FC {§ €& + M,: |§— g)<r)

and %k(F)/rk >c.

Now let us consider the case k = N. If E € & (x') then E* = U(E) €
F_(¢), where ¢’ is a positive number depending only on ¢ and 7. Indeed, if E
is contained in a ball of radius r around x’ then (in view of (4.3)) the set E* is
contained in a ball of radius |n|r around ¢. From this and (4.4) it follows
that E* € G,.(¢) if we choose, for instance, ¢’ = Jy(B(n))c|n|~". Further-
more, by (4.2) and (4.4),

&SSO €6 = 5 5 Jp 50O 69

10Y
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Since ¢ € P (), the right-hand side of (4.5) tends to g(¢, n) when J(y (E*) >
0. This imples the assertion of the lemma when k = N.

Next, assume that k < N. If E is a set in Ry we denote by E,({) the set
E N m($),$ € Ry_4 and by Ey_, the set

{$E€Ry_: (X s X 815 -+ -5 §y—i) € Eforsomex,, ..., X }-
If E € &,(x") then Uy(E,({)) € F.(¢) for every { in Ey_,, where ¢’ =
Ji(B(m))c*/N|y|~*. This can be verified in the same way as before. Now let
E be a cube in &,(x") of side length 8. Then, by (4.2) and (4.4),

87N [ 0x; £y

=5-NL

N—-k

(Lk«)f(x; £% n)dw(xy, - - - s x,‘))dp,,_k(g')

=g [ N_k(sck(m»" J o) 8 n)d%k)dwv-k(f ) @9)

where F(§) = Uy(E,($)). Since ¢ € P(n), F(§) € F.(§) and IG(F(Q)) =
const 8* for every § in Ey _, it follows that

WFE) ™" [ g m)dI > g m)
F@©)
when 8 — 0 uniformly with respect to { in E, _,. Hence, by (4.6),

in(E)™" [ (x; €% mduy () > (' €% )
when E € &,(x") and py(E) — 0. This completes the proof of the lemma.

5. Proof of Theorem 2. First we note that it is sufficient to prove the
theorem in the case where g > 0 and r = 1. The result in the general case will
follow immediately from this by considering the function § = |g|'/".
Secondly, we may assume that Q is the unit cube {x € Ry: 0 < x; < 1}.
Indeed, if S, maps W, ,(®) into L,(R) for some domain £ in Ry, then

(i) S, maps W, ,(¥)" — L,(?) for any bounded domain ' contained in £,
whose boundary is Lipschitz;

(ii) S, maps W,,(@y" - L,(®), where { is the image of Q by a translation.

The first of these statements follows from the fact that any function in
W, ,(2) can be extended to a function in W, ,(Ry). The second statement is
obvious.

Therefore in this section we shall consider Theorem 2 when g > 0, r = 1
and € is the unit cube mentioned before.

Let P(n) be defined as in §4 and let M be a positive number. Set
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Q= {(¢n) € R, X Ry: § € P(n)},
O ={En) € Q: |l <M} (5.1)
Further denote by G, the real function on R,, X R,y given by
G (& m) = 1+ +nf’, (52)
where ¢ = Np/(N — p)ifp <Nandgqg=0ifp > N.
We shall prove the following assertions:
(5.3), If 1 < p < N condition (2.3) holds everywhere in Q.

(53, If p> Norp>1and N =1 condition (2.4) holds everywhere in
Om-

Since P(n) is a set of total measure in R,, (Lemma 3) these assertions imply
the statement of the theorem.

Suppose that assertion (5.3), (respectively (5.3),) does not hold. Then there

exists a sequence {(£", 7")} in Q (resp. Q,,) such that
g(¢"1")/G,(¢",n") = a,>c0  whenn— co. (54
We wish to show that this leads to a contradiction. To this purpose we shall
consider several cases, in each of which, using (5.4), we shall construct
functions wy, . . ., w,, in W, () such that S,(w,, . . ., w,,) is not in L,(£).
Case 1. Suppose that 1 < p < N and that there exists a positive number 8
such that

B <|g"’/ (1 +|n"),  whereq = Np/ (N - p). (5.5)

Let 6, = 1/a,. By considering a subsequence if necessary, we may assume
that

o0 o0
S o<l gt ad 3 M PN< (5.6)

Set n=1 n=1
SV =07 n=12,.... .7)

Note that, in view of (5.5) and (5.6), 2° 8, < 3.

By assumption ¢" € P(n"). Therefore, by Lemma 4, x = 0 is a Lebesgue
point of the function f(-; £”, n") defined in (4.1). Hence, for every ¢ >0
there exists a positive p, such that

iv(B)™" [ 1C5 €% )iy > g€ 0")/2, (58)

for every cube B in R, such that py(B) < p and the distance between B
and the origin is not larger than cuy(B)'/”. In the sequel p, will correspond
toc =VN ay ™", where a is the constant appearing in (3.1) and (3.2).

Let o, be the largest number of the form §,/2j, j = 1,2,..., such that
0, < p,. Let {v,,}7., be a set of functions in E} = {x: |x| < 0,/2, i =
1,..., N}, constructed as in Lemma 2 with 6 = 0, and z' = (0}, . . ., W),
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i=1,...,m The cube F mentioned in Lemma 2 will be denoted here by
F*. By (3.3) we have

n

N
v.(x) =2 nix,+ b, xEF},

s=1
and
|bal < 2VN 0| - - - 5 mn)l-
Let
{7,-,,,=£,."—bi’", i=1...,m,
6.(x)=0,(x)+Y, Vx€ELi=1...,m (59)
Then,

N
B0(x) = 21 nhx, +&" VYxEFNi=1,...,m,
Su=

.(x)=v, Vx€OJIE} and
1ial < 167 + 2VN a0 - - > W)l (5.10)

Nextlet E, = {x: |x| < 8,/2,i=1,..., N}andlet {E, }¢_, be a family
of cubes whose interiors are disjoint such that each cube E, , is a translate of
E* and U%_, E,, = E,. (These conditions uniquely determine the family
{E,,}.) Denote by x” the center of the cube E,,. Then we define functions
u,,i=1,...,m,in E, as follows

wn

U,(x)=196,(x—-x"), Vx€E,,v=1,...,k (5.11)
Let
k
F,=U (x*+ F).
v=1

Then by (5.8), (5.10), (5.11) and (3.2) we have
fF O fF: Sy (Bim - - - » D)ty

> kpy(Fr)g(€"n")/2
> kuy(E})agg(€" n")/2 = b8 8(¢" 1" (5.12)
where b, = a;'/2. (Note that the distance between F;¥ and the origin is not

larger than VN (uy(E2)/a)/¥)
Finally, set D, = {x: |x;| < §,,i=1,..., N} and

D,, = {x:8,/2<|x,|< &, |x|>|x/|-k=1...,N}, w»v=1...,N.

Thus, D, = (U, D,,) U E,. In D, we define m functions w, ,, . . . , W,, , as
follows:
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wi,n(‘x) = ui,n(x) Vx € En’
Win(X) = 2(Y:/8,) - (8, —|x,) Vx€D,,v=1,...,N. (513)
The functions w,,, ..., w,,, are continuous, piecewise linear in D,, they
vanish on 9D, and their gradients satisfy the inequalities
VWil <" in Ey;
|VWin| < 207,018, < 2VN (€78, +In"]) inD,\E,i=1,...,m
(5.14)

For the second inequality we used (5.10).

Let y” be the point (T, 3 AREEE 3) € Ry, where 7,=2377"8, +38,,
n=12 ..., and setD = y”" + D,. Clearly, themtenorsofthecubesD
are disjoint and (in view of the fact that2 3{° 8, < 1) D c@n=12,.
Now, we define m functions w,, . . . , w,, in & as follows:

wi(x) =w,(x—y") inD,n=12...;

o0
wi(x) =0 n2\U b, (5.15)
1
We claim that
w, € W,,(R), i=1...,m, (5.16),
and
js; Sg(wl, c ey Wm)d[lw = 00. (5'16)2
By construction the functions wy, . . ., w,, are continuous in Q, except at

the point 2 =8, 3,..., 2), and vamsh on 0Q. Furthermore they are
Lipschitz and, in fact, piecewise linear in every subset of Q which is bounded
away from the point mentioned above. Therefore, in order to prove (5.16), it
is sufficient to show that Vw, € L,(Q)", i = 1,..., m. By (5.14) and (5.15)
we have

S 19l = [Vl i+ [ (7w, iy
<Y - 18y (2\/W) (3 +|n"|) + 8"
< const(8Y )" + 8Mm"), i=1,...,mn=12.... (517)

By (5.5) and (5.7),
s¥m"f < 8N¢"'/B=0,/B and &Y Pgn =GN PN,
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Therefore, by (5.6) and (5.17),

o0

o0
f [Vw|” duy < const( > gWN-p/N 4 g1 Y 0,,) <o (i=1...,m).
0 1

n=1

This proves (5.16),.
Now, by (5.15), (5.13) and (5.12) we have

fD_" Sg(w,, e Wy)dpy =j;" Se (Wi -+ W) Bl

> fF S, (yps - - - » )ty > byg(E" ")8Y.  (5.18)
Hence, using (5.4) and (5.7), we obtain
0 0
‘/;l Sg(wl’ e wm)dp'N > bl 21 s’fvg(gn’ 7'") = bl 2 8;|NanGp(£") 1'")
n= 1

00

00
=b, > M ' (1+)E"" +m"") > b, X 8Y¢"%0,! = + 0.
1 1

This proves (5.16),. Therefore we have proved that (5.4) and (5.5) lead to a
contradiction.
Case I1. Suppose that 1 < p < N and that

"7/ (1 +m"’) <y and BY7 <p"| (5.19)

for some positive numbers S, y. Let §, = 1/a,. By considering a subsequence
if necessary, we may assume that (5.6) holds. Set

8¥=0,n""" n=12,.... (5.20)
In view of (5.19) and (5.6) we have =° §, < 3.
Let w,, ..., w,, be defined exactly as in Case I. As before we shall show

that (5.16) holds.
By (5.19) and (5.20)

&Ym= (8 |§"|q)(N—p)/N< const(8 (1 +|nn|l’))(N -p)/N

= const(8 + 0,,)(N—p)/N< const fN-P/N  p=12,....

From this inequality together with (5.17) and (5.20) we obtain
f,; |Vw duy < const(9¥P/N +8,)  (i=1,...,mn=12...)
Hen::e, by (5.6)
fﬂ |Vwi|” duy < co'nst(? oN-P/N +$ 0,,~) <o, i=1...,m

This implies (5.16),.
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Next, by (5.18) and (5.20),

00

00
’/s;sg(wl’ ] wm)dp'N > bl 2 8nNg(£n’ 7’") = b] 2 8':vanGp(€”9 71")
n=1

n=1
o0 » o0
> b, 21 8, n"" = b, ? a,0, = co.

Thus we have shown that (5.16) holds. Therefore (5.4) and (5.19) lead to a
contradiction.
Case III. Suppose that 1 < p < oo and that
€7 +m"|< C, n=12..., (5.21)
for some constant C.
By considering a subsequence if necessary, we may assume that

£"—>¢% and Y |£" - ¢°< o0, (5.22)
1
and also that
D o' <3 (523)

1 ,
Let p,, 0, and ©,,, be as in Case I with §, = a, '. Set
J,={x:0<x<8§,0<x;<Li=2...,N},
Jp={x:0<x<8,0<x<kK,i=2...,N},

where k, is the largest integral multiple of o, such that k, < 1. Note that,
since 0, < 3, we have k, > 1.

Let {J,,}, -, be a family of cubes whose interiors are disjoint such that the
union of the cubes equals J,, and each cube J,, is a translate of E;. Denote by
x" the center of the cube J,,. Now we define in J, functions u, ,, . . . , u,, , as
follows:

[u,.,,,(x) =0,(x—x"), Vx€J,v=1...,s;
ui,n(x) = Yi,n’ Vx € Jn \ jm (5.24)

with v, , asin (5.9). Let F, = U ;_,(x” + F}) where F}} is as in Case I. Then,
by (5.24), (5.10), (5.8), (5.4) and (3.2) we have

f Sg (ul,m ce ey um,n)d“'N =s fp Sg (6I,n’ LR | 6m,n)d”‘N

> suy (Ey )ayg(€",m")/2 = 8,x,a78(§", 1")/2
> (ag/Mey 'g(¢" n") > ay' /4. (5:25)
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Next let 8 =23 T, — T, where T, = (Y1 - - > Yma) Note that by
(5:21)(5.23) and (5.9) B is finite. Indeed,

[T, — £"|< 2VN o,[n"| <VN §,[n"| (5:26)
and hence,
[Tosr = T <|E"*" = £7|+ VN (8,410 |+8,n") <|¢"*' —¢£"|+ VN C.
LetJ} = {x:0< x, <§,0< x;< 1,i=2,..., N}, where
&* = lrn+l_rn|B—l lfB5é09
" 0 if B=0.

In J} we define functions u, (i = 1,..., m) by

ui?a(x) = ((Yi,n+1 - Yi,n)/s: )xl + v, i8>0,
uh(X) = Vi ifor=0,VxeJr (527)

We are now ready to define functions w,, . . ., w,, in & which will be shown
to satisfy (5.16). Let ' = (1,0,...,0) and set I, = B,e' + J,, I* = Bre' +
J¥ where

n—1
Bi=0, B =3 (8,+8) n=23...;
1

B:gﬁn-l-l_s:’ n=l,2....
Let

wi(x) =u,(x—Be') Vx€IL, n=12...,
w(x) = uk(x — Bre'), Vx€I}¥ n=12...,
w(x) = £°, Vx EQ\UP,+ 1), i=1...,m,
(5:28)
with £° as in (5.22). _
The function w;, is bounded and continuous in  and it is piecewise linear

in every subdomain bounded away from the hyperplane x, = 3{°(§, + &7).
Furthermore, by (5.21), (5.24), (5.27) and (5.28),

|Vw|< CinI, and |Vwj|< BinlIy.

Hence w;, € W, ().
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It remains to show that w,, . . . , w,, satisfy (5.16),. By (5.28) and (5.25),

fﬂ Se(Wis -« o, W)duy > 2 f S (W5 - - -, Wy )duy

n=1 n

fS(ul,..,...,um)dqu S, Se Gt e e =

n=1 YJ, n=1

Thus (5.4) and (5.21) lead to a contradiction.
Case IV. Suppose that 1 < p < oo and that

"< Co  Ci <p? (529)

for some positive C,, C,. By considering a subsequence if necessary we may
assume I° a, ! < C,/2 and that (5.22) holds. Set

8, = (") " (5.30)
Note that 3{°, < 3{°(a,,C;) ™" < 1. Let B be as in Case IIL. By (5.22), (5.26),
(5.29) and (5.30), B is finite. Indeed,

|rn+l - rnl <I£"+] - §"|+W(8n+1|"1"“|+8n|ﬂ"|)
<I£n+| — £n|+\/ﬁ Cl(ﬁ—l)/l’(a"—+ll + an_l)°

Let §; be as in Case III. Define u; ,, u* and w, as in the previous case.

The function w;, is piecewise linear in I, and
w,=y,,ondl,, |Vw|<|9"inl, (n=12...).

Thus |w; — v,,| < |n"|8, < CP~"7a! everywhere in I,. Furthermore, by
(526), |&" — ¥, < VN 8,|9"| < consta,! (n=1,2,...). Finally, in I?
(n=1,2,...), w, is linear and its range lies between v, and v, ,,,. There-
fore (in view of (5.22)) w; is bounded and continuous in £ and w; is piecewise
linear in every subdomain bounded away from the hyperplane x, =
2°(8, + 87). In addition, by (5.24), (5.27), (5.28) and (5.30)

00
fn [V dy = 2 ( fl VW dpy + fl ] |Vw,.|’dp.N)

<$ [In"l’8,.+ (I "+;. "I) ]

) )
=$ an—l + Bp_l ; Irn-H - I‘,,|< 0.

Thus (5.16), holds.
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By (5.4), (5.25), (5.28) and (5.30),

00
js; Sg(Wps -« s W)y >$ j;‘,, Sg(Uyps - - - 5 Uy p)dpiy

>(4) S as@nn>(F) S @nn) a0 +1r) =

Thus (5.16), holds. This shows that (5.4) and (5.29) lead to a contradiction.

We claim that the contradictions obtained in Cases I-IV prove (5.3), and
(5.3),. Clearly, if one of the assumptions (5.5), (5.19), (5.21) or (5.29) holds for
a subsequence of {(£",n™)} then (5.4) is impossible. Thus, Case III shows that
if {(¢£", n")} contains a bounded subsequence then we cannot have (5.4). Now
suppose that {£”} is bounded. Then we must have |”| > co and Case IV
show that (5.4) is impossible. This already proves (5.3),.

Next, if 1 < p < N, Case I shows that (5.4) cannot hold unless

lim|§"|q/ @ +|n"|”) =0. (5.31)
If (5.31) holds and if {n"} contains a subsequence that is bounded away from
zero then Case II shows that (5.4) is impossible. On the other hand if (5.31)

holds and 5" — 0 then the sequence {(£{”,n")} is bounded and this again
contradicts (5.4). This proves (5.3), and completes the proof of the theorem.

6. Proof of Theorem 1; the necessity of the conditions. We start with the
case m = 1. Thus h: R — R is a Borel function such that T, maps W, ()
into W, ,(2). Without loss of generality we may assume that  is the unit
cube {(x:0< x; < 1l,i=1,...,N}.

First we claim that 4 is La.c. (i.e. locally absolutely continuous) in R. Let
u(x) = x, — ¢ where c is an arbitrary constant. Since u € W, (), we have
hou€ W, (). This implies that there exists an La.c. function hy: R - R
such that A = h, a.e. in R. Suppose that there exists a point £ such that
h(£,) # hy(&)- Consider the function u given by

u(x)= (xl_%)+£o, %<x1<1,
o 0< x,<3,VxEQ.

Let v = h o u. Thus o(x) = h(x; — 3 +&) = ho(x, — 3 +§,) a.e. in the set
{x €2 1< x,} and v(x) = h(&) # ho(&) in {x € Q: x, < 3}. Therefore
dv/dx, (in the distribution sense) is not a function. On the other hand, by
assumption, v € W, ,(Q) because u € W, ,(£). This contradiction shows that
h is identical with A,

Let u € W(R). Since h is La.c, h o u € WS(Q) if and only if (h* ° u)Vu
€ L!°°(Q)", where h*: R — R is any Borel function which is equivalent to A’.
Moreover V(h o u) = (h* o u)Vu a.e. in Q. For a proof of this result see [4].
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Therefore, if g: R X Ry — R is defined by

g&m) =|r*@Enml, () ERXRy, (6.1)

then S, maps W, (%) into L (). Hence, by Theorem 2,if 1 < r < p < N,
we have

g(& m) < const(1 +|§*" +mf’"), g=Np/(N-p), (62

for every n in Ry and every £ in R \ C, where C, is a null subset of R which
may depend on 7. In the present case, g is continuous with respect to 7.
Therefore the above statement implies that there exists a null subset of R, say
A, such that (6.2) holds for every (¢, 1) in (R \ 4) X Ry. In fact if D is a
countable dense subset of Ry we could set 4 = U 2e0Cyr

Similarly,ifp > N (orp > 1and N = 1) and M > 0, we have

g&m) < c(M)(1 + "), (6.3)
for every (§, n) in (R \ 4) X Ry, such that |¢| < M, with 4 (as before) a null

subset of R.

From (6.1), (6.3) we deduce that h* is locally essentially bounded and
hence that 4 is locally Lipschitz in R.

If p < N, (6.2) implies that

|h*(¢)| < const 0<i$£ - H(|¢,y), £€R\A4, (6.4)
where
H(B,y)=QQ+BY + /")y 0<B,7y). (6.5)

A simple computation show that (6.4) and (6.5) imply that
|h*(¢)| < const(1 +|¢§]) V{ € R\ A,where» = N(p — r)/ (r(N — p)).
(6.6)

This completes the proof in the case m = 1.

Next we consider the case m > 1. Thus A: R,, — R is a Borel function such
that 7, maps W, ,(2)" into W, (). Again we may assume that { is the unit
cube.

Let f: R>R, i=1,...,m, be uniformly Lipschitz functions. Let A:
R — R be the function given by

E(t)y=h(fi() ... fu(t), VIER (6.7)

If ue W, (@) then fou€ W, (@), i=1,...,m Therefore T; maps
W,,(Q) into W, (Q). Hence, by the first part of the proof, & is locally
Lipschitz in R. This implies in particular that A is locally Lipschitz on every
line parallel to one of the axes.
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Now we claim that A is continuous and moreover

lim sup |[h(¢) — h(E°)|/|6 — £°)= M(§°) <o, VE°ER,. (68)
¢>¢°

Suppose that (6.8) fails at some point £°. Then there exists a sequence {£"} in
R, such that " — ¢% and

|h¢™) — R(EO)| > njt" —¢%, n=12,.... (6.9)
By considering a subsequence if necessary, we may assume that
[£" = £°> 208" —£9, n=1,2,.... (6.10)

Let

- k§1 £ = £, ay,, = 2 1~ 8 (n=12...)anda, = 0.

In view of (6.10) «a is finite. We define a curve £ = §(¢), 0 < ¢ < a, as follows.
§1) ="+ ((1 = @)/ (s — &))" = §7),

t E[a,,, o, 4 ],n = la 2’
£(a) = £° '

Clearly, |{(r) — &) < |t — | for every ¢, ¢ in [0, a]. Therefore the function
h given by A(r) = h(§(?)) is Lipschitz in [0, a]. Thus, using (6.10),

|h(£") - h(£°)| =|h (a) — h (a)| <const|t”" —¢%, n=12,....
But this contradicts (6.9).

By Stepanov’s theorem [1, p. 218], (6.8) implies that 4 possesses a differen-
tial a.e. in R,. Furthermore, since h is continuous, the set B where its
differential is defined is a Borel set and the partial derivatives dh/d¢,

i=1,..., m,are Borel functions on B [1, p. 211].
Letg: R, X R, — [0, o) be the function given by

i ag@)(n.p---,mw), if¢ € B,

0, if{ € R,\ B. (6.11)

(As usual we write 7 = (N1, . ., My ns+ -+ N>+ - - » Nmw).) Clearly g is a
Borel function. We claim that

u=(u,...,u,) €W, @ "= S, (w) € L,(9). (6.12)

Since u belongs to W, ()", it is equivalent to a function u* such that, for a.e.

line 7 parallel to one of the axes in Ry, u*|,,o is la.c. Furthermore

du*/0x; (the partial derivative in the classical sense) exists a.c. in @ and is
equivalent to the corresponding distribution derivative of w,j=1,...,m

g )=
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(see [7, §3.1]). Without loss of generality we may assume that u is identical
with u*. Then the function 4 © u, which by assumption belongs to W, (), is
continuous in 7 N {2 for a.e. line 7 parallel to one of the axes. (Recall that 4 is
continuous.) It follows from this that 4 o u is La.c. in 7 N Q for a.e. 7 as
above. Now, if x° is a point in  such that w(x% € B and such that du/dx;
exists at x° then 9 (h ° u)/dx; exists at x° and

d(h e m Ju.
( (axj > )(xO) - igl ( %Z: )(u(xo))( a_x; )(xO).

Hence, by (6.11), S,(u) = |V(k > u)| ae. in B* = {x € Q: u(x) € B} and
S,(w) = 0in £\ B*. Since h > u € W, (), this implies that S,(u) € L,(Q).

Suppose that 1 < r < p < N. By Theorem 2, (6.12) implies that g satisfies
inequality (6.2) for every n in Ry and every § in R, \ C,, where C, is a null
set. From this we deduce, by the same argument as in the case m = 1, that
the partial derivatives of A satisfy the inequality

oh
% ©
with » as in (2.2).

Similarly whenp > N (orp > 1if N = 1) we deduce that for every M > 0
there exists a constant k,, such that

oh
g ©

By (6.13) and (6.14) the partial derivatives 0h/0¢ (i=1,...,m) are
locally essentially bounded in R,,. This, together with the fact that A is
continuous in R, and locally Lipschitz on every line parallel to one of the
axes, implies that A is locally Lipschitz in R,,. This completes the proof of the
necessity part of Theorem 1.

7. Proof of Theorem 1; the sufficiency of the conditions.. The sufficiency of
the conditions of Theorem 1 could be derived from [5, Theorems 2.1 and 3.3]
in which a much more general situation was considered. However in order to
apply the results of [5] directly to our case we would have to assume that the
inequality in (2.1) holds at every point where 9h/d¢; exists. An examination
of the arguments in [5] shows that, in the present case, this stronger condition
can be replaced by (2.1). However, for the convenience of the reader we shall
present here a simple, independent proof of the sufficiency part of Theorem
1.

First some general remarks. Let A(2) denote the space of real measurable
functions in £ such that v € A(RQ) iff for almost every line 7 parallel to one of
the axes v|,.q is La.c. (i.e. locally absolutely continuous). A function u

<const(l +}§|") aeinR,i=1...,m  (6.13)

< Ky a.e. in the sphere |§|< M,i=1,...,m. (6.14)
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belongs to W, ,(Q) if and only if u is equivalent to a function u* belonging to
A(R) such that «* and 3u*/dx; (i = 1, ..., N) belong to L (). Here du*/dx;
denotes the classical partial derivative of u*. (It is known that du*/dx; is
defined a.e. in £ and is measurable.) Furthermore du*/dx; is equivalent to the
corresponding distribution derivative of u. (See [7], [2].)

If h: R, — R is locally Lipschitz and u = (u;,...,u,) € AR)™ then,
clearly h o u € A(R).

We turn now to the proof of the sufficiency part of Theorem 1 and we start
with the case where p > N or N = 1 and p > 1. In this case every function
u € W,,(Q) is equivalent to a function in C (%) and

[l @ < ill“]w,, @ ((BY)

where c, is a constant which depends on £2.

Let u € W, ,(2)". Without loss of generality we may assume that u €
C(Q)™. This implies that u € A(2)™ and hence 4 ° u € A(Q). Let |ully, @
< M and let b,, be the Lipschitz constant of 4 in the sphere |{| < ¢, M. Then,
by (7.1)

|h ° u(x) — h(0)| < bM|u(x)|
and therefore

|l LR <|h(0)| v (Q)l/p"' by|ul L@ 72)

Let 7 be a line parallel to the x;-axis such that u|, g is l.a.c. and let x, x’ be
two points in 7 N 2. Since

|h o u(x) — hou(x)| < bylu(x) — u(x’)|,
dividing by |x — x’| and letting x’ tend to x we obtain

|8 (h °u)/3x|< bplou/dx|  pae.onTn (7.3)

In view of the fact that A o u € A(R), (7.2) and (7.3) imply that hou €
W, ,(§) and

1 ulw,,@ <1AO)|sy(@" + byullw, @ (74)

Next we consider the case where ] < r < p< N. LetZ, (k=1,...,m)
be the family of lines {7} in R,,, parallel to the £ axis, such that (2.1) holds
p-a.e. on 7. The projection of Z, on the hyperplane £ = 0 is a set of total
measure (with respect to g, _,) in this hyperplane.

Given two points £ £ in R,, we shall say that they are connected through
Z,...,Z,if there exists a continuous piecewise linear curve C connecting §
with &, which consists of j linear segments Cy,..., G such that C; is a
segment of a line belonging to Z, (i =1,...,/) and k,, ..., k; are distinct.
Suppose that £, ¢ have this property. Then, by (2.1),
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W) <3 [ |2 L+ +er
h@) — @I < 2 [ |5 | dir < mao(1 + T +ETE - €1

Now, if ¢, ¢ are two arbitrary points in R,, there exist sequences of points in
R,, say {£"} and {£"}, such that £" > ¢, £" — ¢ and each pair £ 8" s
connected through Z,, . . ., Z,,. Therefore

h(g") — h(E™)| < mao(1 +[E" +[€")")|E" — &)
for every n and by continuity
|h(€) — h(E)| < mag(1 +[§|" +|€]")€ — &1 (1.5)

Now let u € W, (). Without loss of generality we may assume that u
belongs also to 4(R)™ and so h ° u € A(Q). By (7.5),

|k o u(x)| <|h(0)] + may(1 +|u(x)|')|u(x)|.
Hence, by Sobolev’s imbedding theorem
I © ull,@ <[BO)| v (R)"/"+ mag(|[u]| ) + 4]z @]z, @)
< |A(0)| 1y (2)" + const|ju]|¥, @ (7.6)

where the constant depends on @ and ¢ = Np/(N — p).
Let 7 be a line parallel to the x-axis such that u|,.q is la.c. and let
x, x' € r N Q. Then by (7.5),

b o u(x) = h o u(x’)| < mag(1 +Ju(x)]” +[u(x)|")u(x) — u(x)|.
Hence
|3 (h © u)/3x| < mag(1 + 2u(x)|")|3u/3x|
pi-a.e. in 7 N Q. This inequality implies
l8Ck © u) /0% 1,ca < 2mag([[du/8x/] 1, 0) + [0z @[30/ 3% 1, (@)
< const||u||$i";:(n) 7.7

where the constant depends on €. In view of the fact that 4 - u € A(R), (7.6)
and (7.7) imply that 4 - u € W, (2) and

v+1

1k © ullw, @ < const(1 +[ul’y: ). (7:8)

This completes the proof of Theorem 1.

8. The case of unbounded domains. Let @ be an unbounded domain in Ry

satisfying the cone condition. Then we have the following result, parallel to
Theorems 1 and 2.
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THEOREM 3. Let h: R,, — R be a Borel function and let r, p be two numbers
such that 1 < r < p < N. Then T, maps W, ()™ into W, () if and only if
the following conditions hold.

(1) h(0) = 0 and h is locally Lipschitz in R,,.

(ii) The first order partial derivatives of h satisfy the inequality

|3 ©| <l +ier)  acinRuizl.om (&)

where ay is a constant,andv = N(p — r)/(r(N — p))andv' = (p — r)/r.
Ifp>N (or N=1and p > 1) and r = p then T, maps W,,(Q)" into
W, () if and only if (i) holds.
In either case, if T, maps W, ()" into W, ,(2) then the mapping is bounded
and the following inequalities hold:

ITlw,m < b0 2 (lulwow +lulw,@)  ¥p <N

i=]

(T, @ < B(M) 2 |4llw, @  ifp> N(orp > 1whenN =1)
i=1]
and 3 |ullw,,@ < M. 82
=]

The constants by and b(M) depend on m, a, and .

THEOREM 4. Let g, p, r be as in Theorem 2. Suppose that S, maps W, ()"
into L.(2) (where Q is unbounded). Then g satisfies the conditions described in
Theorem 2 with (2.3) and (2.4) replaced by the first and second of the
inequalities below:

|8 m| < Co(|§1”” +1&F" +mf”"), 83)

|8& m| < COO(EP” +l”") (®4)
In addition we have g(0, 0) = 0.

We shall start with the proof of Theorem 4, in which we use the result of
Theorem 2. Then, using Theorems 1 and 4, we shall prove Theorem 3.

PrROOF OF THEOREM 4. Without loss of generality we shall assume that
g » 0and r = 1. As in the proof of Theorem 2 we shall show that:

(8.5), If 1 < p < N then (8.3) holds everywhere in Q.

(8.5, If p > Norp > 1and N = 1 then (8.4) holds everywhere in Q,,.

If @ is a cube contained in £ then S, maps W, ,(?)" into L,(2'). Therefore
g satisfies inequality (2.3) in Q when p < N and inequality (2.4) in Q,, when
p> Norp > 1and N = 1. But inequality (8.3) (resp. (8.4)) is equivalent to
inequality (2.3) (resp. (2.4)) in every domain of the form {(§, n): |¢| + |9| > a
> 0}. Therefore, if either (8.5), or (8.5), fails then there must exist a sequence
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{(¢", n™)} in Q such that
€7+ n"|—>0 (8:6)
and
g ")/ (" +m"f)=a, >0 asn—co. 8.7

We shall show that (8.6) and (8.7) lead to a contradiction. But first some
general remarks.

By considering a subsequence of {(§”,7")} if necessary, we may assume
that

i:f o '<o and 2 (" +n"") < oo. (8:8)

Since € is unbounded and satisfies the cone condition, it follows that there
exists an infinite family @ of disjoint closed cubes of equal volume such that
each cube is contained in £ and its sides are parallel to the axes. We shall
denote by 2A the side length of these cubes.

Now we shall consider two cases in each of which we shall show that (8.6)
and (8.7) lead to a contradiction to the assumptions of the theorem. The
conclusion of the theorem will follow directly from these results.

Case (a). Suppose that there exists a positive 8 such that

g€ n") = &, (8" +In")<B n=12.... (8.9)

In view of (8.7) it is clear that g(n”", n") # O for sufficiently large n; we may
assume that g(£", n") # 0 for all n. Let

K,=[Bg" ") '] +1 (8.10)
where (for b > 0) [b] denotes the largest integer that is not larger than b. Note
that, in view of (8.9),

K, <2Bg(t"n") " (8.11)

Let {@,}™ be a partition of @ such that &, consists of exactly K, cubes,
A4,; G=1,...,K,). Let w,, be defined as in the proof of Theorem 2 (see
(5.13)) with D, E, replaced by

D= {x:|x|<Ai= l,...,R}, E={x:|x|<A/2i= L,...,N}.
Then, by (5.9)«(5.11), (5.13) and (5.14) we have

[Win(X)] < |90 + Aln"| < const(|£"| +|n"|), Vx € D,
VW, (x)| < |27, ae.inkE,
[VW,,(X)] < 2|7;4A " < const(|¢”| +|n"|), ae.inD\E, (8.12)
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n=1,2,.... Now we define m functions w,, . . ., w,, in & as follows:

wi(x) =w,(x— xV), Vx€A4,(n=12,...;j=1,...,K,),
wi(x) =0, x € Q\Q (8.13)

where x™ is the center of the cube 4,; and 2, = U {4: 4 € @).
Let D, = U, A4,,. Then by (8.9)8.13),

[ wlduy < const KAY (&%) +[n"])’ < const K, (|¢" +n")
5,

<comsta,!, n=12,...
and

J;i |Vw’duy < const KN)\”(|£"|+|n"|)p< consta, !, nmn=12....

Therefore, by (8.8), w; and |Vw,| belong to L,(®), i =1, ..., m. In addition,
w, is locally Lipschitz in ; hence, w; € W, ,(R),i = 1,...,m.
On the other hand, by (8.10), (8.11), (8.13) and (5.12), (5.13) we have

fé " S, (W - -, W)dy = K, fD Sy (Wins « - + » W)ty

> Ky [ S (- )ity > K,bAS(E,17) > BA"B.

Hence S,(w,, . . ., w,,) & L,() and we have reached a contradiction.
Case (b). Suppose that

g n") = a, (" + ") > o asn—oo. (8.14)
Then we may assume that
g ") ' <AY, n=12.... (8.15)
Let
8V =g ") (8.16)

Note that §, < A.
Let w,, i=1,...,m, be m functions defined in the cube E, = {x:
|x| < 8,/2,i =1,..., N} asin the proof of Theorem 2 (see (5.11)). Set
D,=D={x:|x|<Ai= l,...,N}
and
D,, ={x:8,/2 <|x|< A\ |x|>|x%|.k=1,..., N}, v=1...,N.
Note that D = (U}., D,,) U E,. Now, for every n we define functions w, ,,

y=]

i=1,...,m,in D as follows,
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W (%) = 1 ,(x), Vx €EE,
Win(¥) = vaA — 8,/2)"'A—|x,|), Vx€E€D,,»=1...,N. (817)

Then, by (5.9)~(5.11),

Iwi,nl < lYi,nI + snlnnl < OOHSt(I£"' + |'1"|), m D;

VW, <77, inE,

|VW,al < |YinlA = 8,/2)7" < const(|¢”| +|n"|), inD\E, (8.18)
Here we have used also the fact that §, < A.

Let us denote the cubes in @ by 4,,n =1, 2,..., and let x" be the center
of A,. Then we define functions w, . . . , w,, in Q as follows,

wi(x) =w,(x —x"), Vx€A4,n=12...
wi(x) =0, VxE€Q\UP4,,i=1...,m (819)
By (8.18).

i = f oty < const(€7}+ ) A
and
L" |Vw,.[pdp,,, =L |Vw,;,,|’dp.~ < const(|£"|+|n"|)p}\”.

Hence, by (8.8), w; and |Vw;| belong to L,(R) and so w; € W, (). On the
other hand, by (8.19), (8.17), (8.16) and (5.12),

L” Sg(w,, R Y. T =j; Sg(Wips -+ » Won)dity

>L Sg(ul,n’ ctc um,n)d”'N
> b8 (¢, 1) = b,

Thus S,(w), . . ., w,) & L() and again we have reached a contradiction.

To complete the proof of the theorem we note that the sequence {(¢", n")}
must contain a subsequence for which either (8.9) or (8.14) holds. Therefore
(8.6) and (8.7) are incompatible with the assumption that S, maps W, 2"
into L,(2).This establishes (8.5), and (8.5), and hence (8.3) and (8.4).

Finally, since € is unbounded and satisfies the cone condition it has infinite
measure. Therefore the fact that g vanishes for (£, 9) = (0, 0) is obvious;
otherwise S, (0, . . ., 0) would not belong to L,(R).

Next we turn to
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PrOOF OF THEOREM 3. Suppose that T, maps W, ,(Q)" into W, ,(Q). If @’ is
a bounded subdomain of € whose boundary is Lipschitz, then 7, maps
W, (@)™ into W, ,(?). Therefore, by Theorem 2, h is locally Lipschitz in R,,.
The fact that 4(0) = 0 is obvious. In order to prove the growth estimate in the
case p < N we apply Theorem 4. Using this theorem one can show, by the
same arguments that were used in §6, that

1% ©

where

t inf H(J§, e.inR,i=1...,m,
< cons oaf (&,v) aeinR,,i m

H(B,v)= (B + B +v")/v, B¥>0.

Hence (considering the cases |£| < 1 and |§| > 1 separately) one obtains (8.1)
by a simple calculation.

The sufficiency of the conditions stated in the theorem and inequality (8.2)
can be verified by the same arguments that were used in the proof of
Theorem 1 (§7).

9. Further remarks and open questions. In this section we shall discuss two
additional problems related to the mappings S, and 7}, for which only partial
results are available. For simplicity we shall consider only the case where Q is
a bounded domain in R, satisfying the cone condition.

The first problem is to obtain necessary and sufficient conditions in order
that S, map W, (@)™ into L (). Theorem 2 provides necessary conditions.
However, when m > 1, these conditions are obviously not sufficient because
of the exceptional sets where the inequalities (2.3) or (2.4) may fail. We
describe below several results which may help to clarify the problem stated
above. But first a definition.

Given a measurable set B in R,, we shall say that it is a null projection set if
the projection of B on each of the coordinate axes is a p,-null set.

THEOREM 5. Let g: R,, X R,y — R be a Borel function and let p, r be two
numbers such that 1 < r < p < 0. Suppose that

g(£00=0 VE{ER,. .1

Suppose that there exists a null projection set B in R,, such that ifp < N then

(2.3) holds everywhere in (R,\ B) X R,y andifp >N (or N=1andp > 1)

then (2.4) holds everywhere in (R, \ B) X R, . Then S, maps W, ,(Q2)" into
L,©).

PROOF. Letw = (w,, . . ., w,,) € W, (2)™. Denote by B? the projection of
B on the £ axis (i = 1, ..., m). Since B? is null it follows that Vw, = 0 a.e.
in w;"'(B®) (see [4]). Therefore, by (9.1), S,(W) = 0 a.c. in w~'(B). In view of
this fact, applying Sobolev’s imbedding theorem, (2.3) and (2.4) imply that
S,(w) € LQ).
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Using Theorems 2 and 5 we obtain,

THEOREM 6. Suppose that g: R,, X R,y is a Borel function satisfying (9.1)
and suppose that there exists a constant K, such that

|86 )| < K, limsup r~™ [ |g(¢ + &, m)|dE,
r—0 1€)1<r

V(¢ 1) € (R, \ B) X Ry, (92)

where B is a null projection set.
Then the conditions stated in Theorem 2 are necessary and sufficient in order
that S, should map W, (&)™ into L,().

PROOF. We have to verify only the sufficiency of the conditions. In view of
(9.2) it is clear that (2.3) or (2.4) hold everywhere in (R, \ B) X R, .
Therefore by Theorem 5 these conditions are sufficient.

THEOREM 7. Suppose that g: R X Ry — R is a Borel function satisfying (9.1),
such that g(&, - ) is continuous in Ry, for a.e. £ in R. Then the conditions stated
in Theorem 2 are necessary and sufficient for S, to map W, ,(Q) into L ().

PrROOF. Again we have to verify only the sufficiency of the conditions
stated in Theorem 2. The continuity of g with respect to n implies that (2.3) or
(2.4) holds everywhere in (R \ B) X Ry, where B is a null subset of R.
Therefore, by Theorem 5 these conditions are sufficient.

We conjecture that the result of Theorem 7 holds without the assumption
that g is continuous with respect to 7. At present we have established this
conjecture in the case N = 1. However the proof is rather lengthy and we
shall not present it here.

The second problem that we wish to mention is that of the continuity of the
mapping T,,. It is known that if A € C'(R,,) and h satisfies the conditions of
Theorem 1 then T;: W, (@)™ — W, () is continuous. However, if m = 1,
the assumption that » € C'(R,,) is not necessary. Indeed, in [6] we showed
that, if m = 1, T}, is a continuous mapping of W, ,(f) into W, ,(2) whenever
h satisfies the conditions of Theorem 1. The question of whether this result is
valid when m > 1 is still unresolved.

10. An additional result concerning the mapping 7,. In this section we
consider superposition mappings of the type (1.1) where h depends also on
the space variable x. As before we shall assume that 2 is a domain in Ry
satisfying the cone condition.

Let & be a real function on £ X R,, and set

(T,w)(x) = h(x,u(x)), Vxe€L, (10.1)
for every R,,-valued function u in . We shall present below an extension of
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the sufficiency part of Theorem 1 for mappings of this type. The sufficient
conditions are quite general and they may provide a good indication of the
type of conditions that are also necessary in order that 7, should map
W,,(Q)" into W, (). However the problem of obtaining a full extension of
Theorem 1 to mappings of the type (10.1) is still unresolved.

The following notations will be used: D, v will denote the distribution
derivative with respect to x; of a function v in L'°°(Q) V' /9¢; will denote the
(classical) partial derivative with respect to £ of a function V'in R,.

First we bring,

LEMMA 5. Let @ be bounded and let p,r be two numbers such that either
1<r<p<owandp+Norr=p=1. Suppose that h is a real function on
Q X R, satisfying the conditions:

@) h(-, &) € W, () for every £ in R,

(i) A(x, + ) is locally Lipschitz in R,, for a.e. x in Q.

In addition, if p < N assume that:

(iii) There exists a countable set E, dense in R, such that

D h(x, §)| < f(x) + Bl§|”", VEEE,aexinQi=1,...,N, (102)

where f € L.(R), b is a constant and ¢ = Np /(N — p).
(iv) For a.e. x in 9,

|(3h/38)(x, §)| < f*(x) + b*§|, aeinR,i=1,...,m, (10.3)
where f* € L(R) with s =pr/(p — r),b* is a constant and v = N(p —
r)/(r(N — p)). (The exceptional null set in R,, where (10.3) does not hold may
vary with x.)

Ifp> Norp > 1and N = 1, assume that the following conditions hold for
every a > 0. (Here E and s will be as before.)
(iii)’ There exists f, € L () such that
[Doh(x, §)| < fa(x)s i=1,...,N, (104)
for every £ in E such that |{| < a and a.e. x in Q.
(ivy Fore a.e. x in 1,
|(BR/3E)(x, &) < f2(x), aein{(ER,|§|<a}i=1...,m,
(10.5)
where f} € L/(S).
Under these assumptions T, maps W, (&)™ into W, () and the mapping is
bounded. Furthermore, the following pointwise estimates hold for u € W, ,(2)™.
Ifp < N then

IThll(X)l < OODSt(Ih(x, O)I + f*(x)ju(x)| +|“(x)|r+l);
|D,(Tu)(x)] < const(([f(x)] + ()" + (f*(x) +u())|Dul). (106)
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aeinQi=1...,N.Ifp > Norp > 1and N = 1, and ess supglu(x)| < a
then

|Tyu(x)| < const(|h(x, 0)] +£¥ (x)ju(x)|);
|D,, (Tyu)(x)| < const( f, (x) + f* (x)|Dxiu|) (10.7)
ae.in,i=1,..., N. The constants depend only on m, and b*.

REMARK 1. In the case r = 1, r < p the lemma remains valid if we make
the following additional assumptions:

h € C(Q X R,); h(x, - ) is locally Lipschitz for every x in Q;
(10.3) and (10.5) hold for every x in @ andf*, f¥ are finite
everywhere in .

REMARK 2. If Q is an arbitrary domain in R, the assumptions of the lemma
imply that for every u in W,,()", the function T,u is in W,"‘f(ﬂ) and
inequalities (10.6), (10.7) hold a.e. in Q. This is obtained by applying the
lemma in an appropriate neighborhood of each point x in £.

Using this fact, together with Sobolev’s imbedding theorem, we conclude
that the lemma is valid also for unbounded domains satisfying the cone
condition, provided that h(x, 0) = 0 a.e. in Q.

The lemma is essentially a consequence of [5, Theorem 2.1 and Corollary
2.1] (for the case 1 <r < p < ) and [5, Theorem 3.1] (for the case
r = p = 1). However some details in conditions (iii), (iv) (or(iii), (iv)") do not
formally fit in the general framework of [5]; therefore a few comments are in
order. In these comments we shall refer to Theorem 2.1 of [5] which deals
with the case 1 < r < p < oo; but they apply equally well to Theorem 3.1 of
[5] which deals with the case r = p = 1.

Conditions (i) and (ii) of the lemma are stronger than the parallel
conditions in [5, Theorem 2.1). However condition (iii) (resp. (iv)) is weaker in
some respect than the parallel condition I (resp. II) of [5, Theorem 2.1].

In (iii) we require that the inequality holds for every £ in a countable dense
set in R, while in I it is required that the parallel inequality holds for every ¢
in R,. An examination of the proof of Theorem 2.1 of [5] reveals that
condition I was used, first in order to show that h(-, ) € W, () for every £
in R, (a fact which we assume in the lemma), and secondly in order to obtain
an estimate for |A(x’, §) — h(x”, £)|, namely inequality (2.19) of [5). However,
for the second application, condition I was used only with respect to a dense
countable set in R,,, as we assume here in condition (iii).

In (iv) we require that the inequality holds (for a.e. x in ) a.e. in R,,, while
in II it is required that the parallel inequality holds (for a.e. x in Q) at every
point £ where 9h/9¢; exists. In the proof of Theorem 2.1 of [§] condition IT
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was used in order to derive an estimate for |h(x, §) — h(x, §)|, namely
inequality (2.15) of [5]. In the special case that is considered in the lemma this
estimate will be

|h(x, §) — h(x, §)| < const(f*(x) +[¢|" +[&)|§ — &I, (108),
for all §, ¢ in R,, and every x in & \ M (M a null set), whenp < N;

|h(x, ) = h(x, §)| < const £(x)|E — €|, (Va>0),  (108),
for all ¢, ¢ bounded in norm by a and every x in 2\ M, whenp > N,

where the constants depend only on m, b and b*. However (10.8), (resp.
(10.8),) can be derived from conditions (ii) and (iv) (resp. (iv)’) of the lemma,
by the same argument that was used in §7 to prove inequality (7.5).

We note that inequalities (10.6) and (10.7) follow from (10.8) (for T,u) and
from [5, Corollary 2.1] (for D, (T,u)). Finally the statement made in Remark
1 follows from [5, Theorem 3.3] and our previous comments here. In fact the
additional assumptions mentioned in this remark are stronger than those
required in [5].

Using Lemma 5 one can derive a more refined set of sufficient conditions
for T, to map W, ,(Q)" into W, ,(Q). The next theorem gives such a set of
conditions.

THEOREM 8. Let Q be a domain in Ry satisfying the cone condition and let
P, r be two numbers such that either 1 <r < p < woandp#Norr=p=1.
Suppose that h is a real continuous function on Q@ X R,, satisfying conditions (i)
and (i) of Lemma 5. If Q is unbounded suppose also that h(x, 0) = 0 everywhere
in Q. Further, if p < N, suppose that there exist

a bounded sequence { f, } in L,(%),
a bounded sequence { f} } in L(Q) withs =/ (p — r),
an increasing sequence of open subsets of Q, say {L,},

such that

A)veE W, Q)0 €E W, (V) where ¥ = U P Q,

(B) h satisfies conditions (iii), (iv) of Lemma S in every set Q,, with f and f*
replaced by f, and f} and with constants b and b* independent of n.

Finally, if p > N or p > 1 and N = 1, suppose that for every a > 0 there
exist sequences {f,,} and {f,} as before such that (with {Q,} as before) h
satisfies conditions (iii), (iv)' in every set Q, with Jos S replaced by f, ,, f},.
Suppose also that condition (A) holds. ’

Then T, maps W, (Q)™ into W, ,(Q) and the mapping is bounded.

It is known that, if » > 1 and the set & \ €' is (1, r) polar and (1, ) polar,
then condition (A) holds (see e.g. [3, p. 22)).
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PROOF. Letu € W, ,(2)". Applying Lemma 5 and Remark 2 to each of the
sets €, n=1,2,..., we conclude that T,u € W(Q) and that T,u
satisfies the inequalities (10.6) or (10.7) with &, f, f*... replaced by
Q,, £, f* .... Note that the constants appearing in these inequalities will be
independent of n. Further, applying Sobolev’s imbedding theorem to the
space W, ,(2) and using (10.6) or (10.7) we conclude that Tu € W, (&) and

I 750l w, @) < const(1 +|ul|%,,@~), ifp <N,
1 Tullw, @) < const(1 + ||u||w,,@")
ifp >Norp>land N= 1. (10.9)

Finally, in view of condition (A), T,u € W, ().

REMARK 3. Using Remark 1 it is easily seen that the result of the theorem
remains valid in the case 1 =r < p < oo if we assume the additional
conditions mentioned in that remark.

Appendix. The purpose of this Appendix is to give a proof of Lemma 3
(§4). First we introduce some notations. Let k, N be two positive integers,
k < N.If x = (x,, ..., xy) is a point in Ry we shall denote it also by (x’, x")
where x" = (X}, ..., X) and x” = (Xg4p + - - » XN)-

Lemma 3 is a consequence of the following more general result.

PROPOSITION. Suppose that f is a measurable function in Ry such that
f(, x") € LI*(R,) for a.e. x” in Ry_,. Let P, denote the set of regular
Lebesgue points of f(-, x”) and set P = U {P,.: x”" € Ry_,}. Then P is a set
of total measure in Ry.

REMARK. This proposition is probably known, but we do not know of a
reference for it in this general form. (In the case where f is the characteristic
function of a measurable set, a proof can be found in [8).) Therefore we give
its proof here.

PRrOOF. For a.e. x” in Ry_,, P, is a set of total measure in R,. Therefore,
to prove the proposition we have to show only that P is measurable. Given
p < 0 and x in Ry, set

F(x0) = m(B o)™ [ S0 5 (A1)

where B'(x, p) = {y € R;: |y — x| < p}. This formula can be rewritten in
the form

F(x,0) = e [ S + oy, x")d(y), (A2)

where B; is the unit ball, centered at the origin, in R, and ¢; ' is the volume
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of B;. The function f,: Ry X R, — R given by f,(x, x", ) = f(x' + py, x")
is obviously measurable, for every p. Therefore, applying Fubini’s theorem to
the positive part and the negative part of f:,, we conclude that F(-, p) is
measurable in Ry, for every p > 0. Therefore the set

0= [x € Ry: f(x) = lim F(x, p)}
p—0
p rational
is measurable. Obviously Q D P; but if x” is a point in Ry_, such that
fC¢, x”) € LI°°(R,) then F(x, - ) is continuous for p in (0, o0) and so

Q= {x' € R/|(x', x") € Q} = P...
Since this equality holds for a.e. x” in Ry _, it follows that Q \ P is a null set
and hence that P is measurable.
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